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AUTOMORPHISMS OF C2 WITH NON-RECURRENT SIEGEL
CYLINDERS
LUKA BOC THALER†, FILIPPO BRACCI††, AND HAN PETERS
Abstract. A non-recurrent Siegel cylinder is an invariant, non-recurrent Fatou com-
ponent Ω of an automorphism F of C2 satisfying: (1) The closure of the ω-limit set of F
on Ω contains an isolated fixed point, (2) there exists a univalent map Φ from Ω into C2
conjugating F to the translation (z, w) 7→ (z+1, w), and (3) every limit map of {F ◦n} on
Ω has one-dimensional image. In this paper we prove that the existence of non-recurrent
Siegel cylinders. In fact, we provide an explicit class of maps having such Fatou compo-
nents, and show that examples in this class can be constructed as compositions of shears
and overshears.
1. Introduction
Let F be a holomorphic self-map of a complex manifold X . The Fatou set of F is the
set of points p ∈ X for which there exists an open neighborhood U ∋ p such that the
sequence of iterates {F ◦n} form a normal family on U . The connected components of the
Fatou set of F are called Fatou components of F . A Fatou component Ω ⊂ X of F is
invariant if F (Ω) = Ω. Following Bedford-Smillie [5], an invariant Fatou component is
called recurrent if it contains an orbit which is relatively compact in Ω, and non-recurrent
otherwise.
For rational functions in one complex variable there is a complete description of all
possible Fatou components and the dynamics of the map on such components is quite
well understood. In particular, the invariant non-recurrent Fatou components are “Leau-
Fatou petals” at a parabolic fixed point. All orbits in such petals converge to the fixed
point and on such petals the map is conjugated to a translation via the so-called “Fatou
coordinate”.
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Despite significant recent progress, including the construction of wandering domains [2]
and the classification of invariant Fatou components [5, 9], the situation is not nearly as
well understood in C2.
Let F be an automorphism of C2. If Ω ⊂ C2 is a Fatou component of F , we say
that a holomorphic map h : Ω → C2 ∪ {∞} is a limit map of F on Ω if there exists a
sequence {F ◦nk} which converges uniformly on compacta of Ω to h — here, for the sake
of uniformizing notation, we let h ≡ ∞ in case {F ◦nk} compactly diverges to ∞.
If F is a polynomial automorphism, the Jacobian determinant δ is necessarily constant
and different from 0. When |δ| = 1 all Fatou components Ω of F are recurrent, the
so-called Siegel domains, and h(Ω) = Ω for any limit map h. This does not complete the
description, as it remains an open question whether Ω must be topologically trivial, see
for example [4].
In the case |δ| < 1 the orbits in a recurrent Fatou component converge exponentially
fast to either an attracting fixed point or to a 1-dimensional properly embedded Riemann
surface Σ ⊂ Ω, see [5]. In the latter case, which could be called a recurrent Siegel cylinder,
the action of f on the invariant set Σ is that of an irrational rotation, and Σ is equivalent
to either the disk or an annulus. Whether an annulus can actually occur is a pressing
open question.
The non-recurrent case has been described in [9], under the additional assumption
|δ| < 1
deg2(f)
. In this case all orbits converge to a parabolic-attracting fixed point, and the
component is biholomorphic to C2, by a result of Ueda [15], and F is conjugate on Ω to
a map (z, w) 7→ (z + 1, w).
Very little is known about which other phenomena can occur when considering non-
polynomial automorphisms of C2. An invariant Fatou component is attracting if all
the orbits in the component converge to the same (necessarily fixed) point p ∈ C2. By
[10, 13], a recurrent attracting Fatou component Ω is necessarily biholomorphic to C2, the
spectrum of dFp is contained in the (open) unit disk and F is conjugate to a polynomial
triangular map on Ω.
In [7] (see also [11] for the construction of several “petals”) the authors constructed an
attracting non-recurrent Fatou component biholomorphic to C × C∗, where the map is
semi-conjugated to a translation over C. It is an open question if these two possibilities
exhaust all possible cases of attracting invariant Fatou components for automorphisms of
C2.
In [8], Jupiter and Lilov considered invariant non-recurrent Fatou components of auto-
morphisms of C2. They showed that when Ω is an invariant non-recurrent non-attracting
Fatou component of F such that all limit maps of F on Ω are constants, the union of
the images of the limit maps is uncountable, has no isolated points and it is contained in
a one dimensional subvariety of fixed points of F . Moreover, on each such a point, the
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spectrum of dF is {1, e2πiθ} with θ ∈ R not diophantine. Whether such invariant non-
recurrent non-attracting Fatou component with constant limit maps can actually exist is
presently unknown.
Jupiter and Lilov also proved that if an invariant non-recurrent Fatou component has
more than one limit map with one dimensional image, then the intersection of the images
is either open in both images or empty. To the best of our knowledge it is not known
whether invariant non-recurrent Fatou component with two limit maps with disjoint (or
even merely distinct) one dimensional images exist. It is also an open question whether
there exist non-recurrent invariant Fatou components having at the same time both 0-
and 1-dimensional limit maps.
In the same paper (see [8, Section 5.2.2]), Jupiter and Lilov produce examples of in-
variant non-recurrent Fatou component with one-dimensional limit maps.
As a matter of notation, in this paper, we write g(z, w) = O(f(z, w)) if there exists a
constant C > 0 such that |g(z, w)| ≤ C|f(z, w)| in a neighborhood of the origin.
Jupiter and Lilov prove that if F is an automorphism of C2 of the form
F (z, w) = (z + z2 +O(z3, z4w, z6w2), w −
z2w
2
+O(z3, z3w, z3w2)),
(and such automorphisms exist as finite composition of shears and overshears), then there
exists an invariant, non-recurrent, Fatou-component Ω, having the w-axis on the boundary
such that {F ◦n} converges uniformly on compacta of Ω to a surjective holomorphic map
h : Ω → {0} × C. Post-composing the previous F with the automorphism (z, e2πiθw),
with θ ∈ R\Q, one can produce an example of an automorphism of C2 with an invariant,
non-recurrent Fatou component with an isolated fixed point of F on the boundary and
having different one-dimensional limit maps (but all with the same image {0} × C).
The aim of this paper is to better understand the dynamics of invariant, non-recurrent
Fatou components having one isolated fixed point on the boundary and one-dimensional
limit maps. In particular, as a consequence of our result, we show that Jupiter and
Lilov’s example gives rise to a “Siegel cylinder” where the dynamics of the map is very
well understood.
In order to properly set our result, we need a definition. We recall that a point p ∈ C2
is said to lie in the ω-limit set of F on Ω if there exist z ∈ Ω and a subsequence {nk}
converging to ∞ such that limk→∞ F
◦nk(z) = p.
Definition 1.1. Let F be an automorphism of C2. An invariant non-recurrent Fatou
component Ω is called a non-recurrent Siegel cylinder if
(1) the closure of the ω-limit set of F on Ω contains an isolated fixed point,
(2) there exists a univalent map Φ : Ω→ C2, conjugating F to the translation
(z, w) 7→ (z + 1, w),
(3) all limit maps of F on Ω have dimension one.
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The term Siegel cylinder suggests an irrational rotation, hence the choice of the normal
form (z, w) 7→ (z + 1, w) may seem surprising. However, note that if Φ˜ : Ω → Φ(Ω) is a
biholomorphism satisfying
(Φ˜ ◦ F ◦ Φ˜)(z, w) = T (z, w) := (z + 1, λw)
for some λ ∈ C \ {0}, then the overshear Θ(z, w) := (z, λ−zw), determined by any fixed
choice of log(λ), is a biholomorphism from Φ(Ω) onto its image, and
(Θ ◦ T ◦Θ−1)(z, w) = (z + 1, w).
Hence from an “intrinsic” point of view, rotations in the second coordinates are not
seen, and the normal form in our definition of a non-recurrent Siegel cylinder contains no
rotational term.
The main result of this paper is the following:
Theorem 1.2. Let F be an automorphism of C2 of the form
(1.1) F (z, w) =
(
z + f(w)z2 +O(z3, z3w), e2πiθw + g(w)z +O(z2, z2w)
)
,
where θ ∈ R\Q is Diophantine, f(0) 6= 0, and g(w) = O(w2). Then there exists a non-
recurrent Siegel cylinder Ω for F biholomorphic to C2. Moreover, every limit map of F
on Ω has image {0} × C.
In the last section we show that maps F satisfying the constraints in the theorem
can actually be constructed as finite compositions of shears and overshears. Recall that
such compositions form a dense subset of all automorphisms of C2 in the compact-open
topology [1]. An immediate consequence of the above theorem, which can also be observed
directly, is that F cannot have constant Jacobian determinant, and therefore cannot be
approximated by compositions of shears only.
We note that the terms g(w)z in the second coordinate of (1.1), which do not occur in
the examples by Jupiter and Lilov, significantly complicate the analysis. A consequence
of the parabolic behavior in the z-coordinate and rotational behavior in the w-coordinate
is that the terms g(w)z are not absolutely summable. Controlling the behavior caused by
these terms is an important step in our proof.
In a forthcoming paper J. Reppekus [12], exploiting the example in [7] and blowing-up,
shows that there exist non-recurrent Siegel cylinders biholomorphic to C× C∗.
The previous discussion and results give rise to the following open questions:
(a) Let Ω be an invariant non-recurrent Fatou component of an automorphism F of C2
having an isolated fixed point on the boundary which is in the closure of the ω-limit set
of F in Ω. Is Ω biholomorphic to C2 or C× C∗?
(b) In case Ω is non-attracting, is Ω necessarily a non-recurrent Siegel cylinder?
Note that, by Jupiter and Lilov, in the hypothesis of the previous question, if Ω is
non-attracting, there necessarily exists a one-dimensional limit map.
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The outline of the paper is the following. In section 2 we introduce coordinate changes
to be used in section 3, where it is shown in Proposition 3.4 that the map F can be
locally conjugated to a map H(u, w) = (u + 1 + A
u
, λw) + O( 1
u2
). In these coordinates it
follows that F has a Fatou component on which all orbits converge to {z = 0}. section
3 concludes by showing that the limit map h : Ω → {z = 0} is surjective, and that the
image {z = 0} lies in ∂Ω, showing that Ω is non-recurrent.
In section 4 it is shown that Ω is biholomorphically equivalent to C2, and that the map
F : Ω→ Ω is holomorphically conjugate to the linear normal form. The paper ends with
a short construction in section 5 of an explicit automorphism F of the required form (1.1).
2. Preliminaries
Throughout this paper we will use λ = e2πiθ where θ ∈ R\Q is diophantine, i.e. there
exist c, r > 0 such that |λn − 1| ≥ cn−r for every n ≥ 1. Such numbers form a dense
subset of the unit circle with full measure. Note that if λ is diophantine then λ−1 is also
diophantine and satisfies the same estimates.
We will be using the following notation. Let u(x) and v(x) be two functions. By writing
u(x) = O(v(x)) we mean that there exist a constant C > 0 such that |u(x)| ≤ C|v(x)|
for all x in a neighborhood of the origin where u and v are defined. The notation u(x) =
o(v(x)) as x → a means that u(x)/v(x) → 0 as x → a. In case of a sequence un of
complex numbers, the notation un = O(v(n)) has to be understood as |un| ≤ C|v(n)| for
all n ∈ N.
The following was used in [3], we repeat the proof for convenience of the reader.
Lemma 2.1. There exist constants C, r > 0 such that for every integer n ≥ 1 and for
every m ≥ 0, ∣∣∣∣∣
∞∑
j=m
λjn
∣∣∣∣∣ < Cnr.
Proof. Let N ≥ m. Since λ = e2πiθ where θ ∈ R\Q is diophantine, there exist c, r > 0
such that |λn − 1| ≥ cn−r for all n. This gives the bound∣∣∣∣∣
N∑
j=m
λnj
∣∣∣∣∣ =
∣∣∣∣∣
N∑
j=m
λn(j+1) − λnj
λn − 1
∣∣∣∣∣ =
∣∣∣∣∣ 1λn − 1
N∑
j=m
(λn(j+1) − λnj)
∣∣∣∣∣ <
∣∣∣∣ 2λn − 1
∣∣∣∣ < Cnr,
and we are done. 
For R ∈ R and δ > 0 we let
KR := {u ∈ C | arg(u− R) ∈ [−3π/4, 3π/4]},
and
UR,δ := {(u, w) ∈ C
2 | u ∈ KR and |w| < δ}.
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Note that UR1,δ1 ⊂ UR2,δ2 when R2 ≤ R1 and δ1 ≤ δ2.
Lemma 2.2. Let R > 0. There exist r > 0 and C˜ > 0 such that for every integer n ≥ 1,
m ≥ 0 and u ∈ KR,
(2.1)
∣∣∣∣∣
∞∑
j=m
λnj
u+ j
∣∣∣∣∣ < C˜n
r
|u+m|
.
In particular, the series
∑∞
j=0
λnj
u+j
is converging uniformly on compacta of KR for every
n ≥ 1.
Proof. Let N ≥ m. Lemma 2.1 gives∣∣∣∣∣
N∑
j=m
λnj
u+ j
∣∣∣∣∣ =
∣∣∣∣∣ 1u+N
N∑
j=m
λnj −
N−1∑
j=m
(
1
u+ j + 1
−
1
u+ j
) j∑
k=m
λnk
∣∣∣∣∣
<
Cnr
|u+N |
+ Cnr ·
N−1∑
j=m
1
|(u+ j + 1)(u+ j)|
<
C˜nr
|u+m|
,
with the constant C˜ chosen to be independent from N and u, and we are done. 
Lemma 2.3. Let g : C → C be an entire function such that g(0) = g′(0) = 0. Let
g(w) =
∑∞
ℓ=2 dℓw
ℓ be its expansion at 0. Then for every δ > 0, there exists R = R(δ) > 0,
which depends continuously on δ, such that the map
Φ(u, w) :=
(
u, w + λ−1
∞∑
ℓ=2
(
dℓw
ℓ
∞∑
k=0
λ(ℓ−1)k
u+ k
))
is univalent on UR,δ. Moreover Φ(u, w) =
(
u, w +O
(
1
u
))
and for every δ > 0 and R > 0
there exists R′ ≥ R such that Φ is univalent on UR′,δ and Φ(UR′,δ) ⊂ UR,2δ. Also, for
every δ > 0 there exists R′′ ≥ R(δ) such that UR′′,δ/2 ⊂ Φ(UR(δ),δ).
Proof. Let ε > 0. By Lemma 2.2 the map Φ(u, w) is a well defined holomorphic map on
{(u, w) ∈ C2 | u ∈ Kε} and Φ(u, w) =
(
u, w +O
(
1
u
))
. In order to check injectivity, first
observe that Φ(u, w) = Φ(u′, w′) implies u = u′. Therefore Φ(u, w) = Φ(u′, w′) if and only
if
w − w′ + λ−1
∞∑
ℓ=2
dℓ(w
ℓ − w′ℓ)
∞∑
k=0
λ(ℓ−1)k
u+ k
= 0.
Assuming that w 6= w′ we can divide this equation by w − w′ to obtain
1 + λ−1
∞∑
ℓ=2
dℓ
(
wℓ − w′ℓ
w − w′
) ∞∑
k=0
λ(ℓ−1)k
u+ k
= 0.
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Since
∣∣∣wℓ−w′ℓw−w′ ∣∣∣ ≤ ℓδℓ−1, taking into account Lemma 2.2 and that g is entire, we can choose
R large enough so that∣∣∣∣∣
∞∑
ℓ=2
dℓ
(
wℓ − w′ℓ
w − w′
) ∞∑
k=0
λ(ℓ−1)k
u+ k
∣∣∣∣∣ < C˜|u|
∞∑
ℓ=2
|dℓ|δ
ℓ−1ℓ(ℓ− 1)r < 1
everywhere on UR,δ, and hence Φ(u, w) = Φ(u
′, w′) implies (u, w) = (u′, w′). This last
inequality also implies that R depends continuously on δ.
In order to prove the final statement, let
h(u, w) := λ−1
∞∑
ℓ=2
(
dℓw
ℓ
∞∑
k=0
λ(ℓ−1)k
u+ k
)
= O
(
1
u
)
,
and let R′′ ≥ R(δ) be such that |h(u, w)| < δ
4
for u ∈ KR′′ and |w| ≤ δ. Let u0 ∈ KR′′ and
let |w0| ≤ δ/2. Let C := {w ∈ C : |w − w0| = δ/2}. By the triangular inequality |w| ≤ δ
for all w ∈ C. Thus, for all w ∈ C,
|w − w0| =
δ
2
> |h(u0, w)|.
Hence, by the Rouche´ theorem, the functions w 7→ w − w0 and w 7→ w + h(u0, w) − w0
have the same number of zeros in {w ∈ C : |w − w0| < δ/2}. In particular, there exists
w1 ∈ C such that |w1| < δ and w1 + h(u0, w1) = w0. Therefore, (u0, w0) ∈ Φ(UR(δ),δ). By
the arbitrariness of (u0, w0), this proves that UR′′,δ/2 ⊂ Φ(UR(δ),δ). 
Lemma 2.4. Let f : C → C be an entire function such that f(0) = 1. Let f(w) =
1 +
∑∞
ℓ=1 dℓw
ℓ be its expansion at 0. The map Ψ : C2 → C2 defined as
Ψ(u, w) :=
(
u+
∞∑
ℓ=1
dℓ
λℓ − 1
wℓ, w
)
is a holomorphic automorphism of C2. Moreover, for every δ > 0 there exists C1 > 0 such
that ||Ψ(u, w)− (u, w)|| < C1 for all (u, w) ∈ C × {w ∈ C : |w| ≤ δ}. In particular, for
every δ > 0 there exists Mδ > 0 such that for all R ≥Mδ
Ψ(U2R,δ) ⊂ UR,δ.
Proof. Clearly the series
∑∞
ℓ=1 dℓw
ℓ is absolutely convergent on compacta of C. Recall
that by our assumption λ satisfies the condition |λn − 1| > cn−r, for some c, r > 0. It
follows that ∣∣∣∣∣
∞∑
ℓ=1
dℓ
λℓ − 1
wℓ
∣∣∣∣∣ < C
∞∑
ℓ=1
|dℓ|ℓ
r|w|ℓ.
8 L. BOC THALER, F. BRACCI, AND H. PETERS
From this last inequality we can deduce that the series which appears in the first coordinate
of the map Ψ is absolutely convergent on compacta in C. Therefore Ψ is an automorphism
of C2.
The last statement follows at once setting C1 := C
∑∞
ℓ=1 |dℓ|ℓ
rδℓ. 
Lemma 2.5. Let f : C→ C be an entire function with f(0) = 0. Let f(w) =
∑∞
ℓ=1 dℓw
ℓ
be its expansion at 0. Then for every δ > 0, there exists R > 0 such that the map
τ(u, w) :=
(
u−
∞∑
k=0
f(λkw)
u+ k
, w
)
is univalent on UR,δ. Moreover R depends continuously on δ and τ(u, w) =
(
u+O
(
1
u
)
, w
)
.
In particular, for every δ > 0 and R > 0 there exists R′ ≥ R such that τ is univalent
on UR′,δ and τ(UR′,δ) ⊂ UR,δ. Also, for every δ > 0 there exists R
′′ ≥ R(δ) such that
UR′′,δ ⊂ τ(UR(δ),δ).
Proof. We first prove that the map is well defined, i.e., we prove that for every ε > 0 the
series
(2.2)
∞∑
k=0
f(λkw)
u+ k
converges uniformly on compacta of {(u, w) ∈ C2 | u ∈ Kε}. By Lemma 2.3,∣∣∣∣∣
N∑
k=0
f(λkw)
u+ k
∣∣∣∣∣ =
∣∣∣∣∣
N∑
k=0
∞∑
j=1
λkjdjw
j
u+ k
∣∣∣∣∣ =
∣∣∣∣∣
∞∑
j=1
djw
j
N∑
k=0
λkj
u+ k
∣∣∣∣∣ < C˜|u|
∞∑
j=1
|dj||w|
jjr.
Since f is entire, the last series converges uniformly on compacta, and so does the se-
ries (2.2).
In order prove injectivity, we first observe that τ(u, w) = τ(u′, w′) implies that w = w′.
If u 6= u′ then τ(u, w) = τ(u′, w′) if and only if
u− u′ −
∞∑
k=0
f(λkw)
u+ k
−
f(λkw)
u′ + k
= 0.
Dividing this equation by u− u′ we obtain
(2.3) 1 +
∞∑
k=0
f(λkw)
(u+ k)(u′ + k)
= 0.
Given δ > 0, we can find R large enough such that for all u, u′ ∈ KR we have
∞∑
k=0
1
|(u+ k)(u′ + k)|
<
1
sup|w|<δ |f |
.
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Therefore, (2.3) cannot be satisfied in UR,δ, and hence τ is injective in UR,δ.
By the previous considerations it follows also that τ(u, w) =
(
u+O
(
1
u
)
, w
)
.
The last statement follows by applying Rouche´’s theorem as in Lemma 2.3. 
3. Non-recurrent Fatou component
Let F be a holomorphic automorphism of C2 of the form
(3.1) F (z, w) =
(
z + f(w)z2 +O(z3), λw + g(w)z +O(z2)
)
,
where f and g are entire functions in C, f(0) 6= 0 and g(w) = O(w2). Notice that the
inverse F−1 has the same form as F . From now on we assume without loss of generality
that f(0) = 1, since otherwise we can simply conjugate F with a dilatation in the first
factor.
Let δ′ > 0 and let R′ > 0. We define the holomorphic map Θ : UR′,δ′ → C
2 as
(3.2) Θ(u, w) := (−
1
u
, w).
Note that Θ is univalent and hence a biholomorphism onto its image.
Looking at (3.1), it is clear that there exists R′0 = R
′
0(δ
′) > 0 such that
F˜ (u, w) := (Θ−1 ◦ F ◦Θ)(u, w) =
(
u+ f(w) +O
(
1
u
)
, λw −
g(w)
u
+O
(
1
u2
))
is well defined and univalent on UR′,δ′ for all R
′ ≥ R0. Moreover, given R
′′ > 0, we can
find R′ ≥ R′0 such that F˜ (UR′,δ′) ⊂ UR′′,2δ′ .
Let g(w) =
∑∞
ℓ=2 dℓw
ℓ be the expansion of g at 0 and let Φ be as in Lemma 2.3.
Fix δ > 0. By Lemma 2.3, there exists R′′ > 0 such that Φ−1 is well defined and
univalent on UR′′,4δ. By the previous considerations, there exists R
′ ≥ R′0(δ) such that
F˜ (UR′,2δ) ⊂ UR′′,4δ and finally, by Lemma 2.3, there exists R > 0 such that Φ is univalent
on UR,δ and Φ(UR,δ) ⊂ UR′,2δ. Thus,
G := Φ−1 ◦ F˜ ◦ Φ
is well defined and univalent on UR,δ.
Lemma 3.1. For (u, w) ∈ UR,δ, we have
G(u, w) =
(
u+ f(w) +O
(
1
u
)
, λw +O
(
1
u2
))
.
Proof. Let us write (u1, w1) := G(u, w). First observe that
(F˜◦Φ)(u, w) =
(
u+ f(w) +O
(
1
u
)
, λw +
∞∑
ℓ=2
dℓw
ℓ
∞∑
k=0
λ(ℓ−1)k
u+ k
−
1
u
∞∑
ℓ=2
dℓw
ℓ +O
(
1
u2
))
.
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Since
Φ−1(u, w) =
(
u, w − λ−1
∞∑
ℓ=2
dℓw
ℓ
∞∑
k=0
λ(ℓ−1)k
u+ k
+O
(
1
u2
))
,
it follows that
u1 = u+ f(w) +O
(
1
u
)
w1 = λw +
∞∑
ℓ=2
dℓw
ℓ
∞∑
k=0
λ(ℓ−1)k
u+ k
−
1
u
∞∑
ℓ=2
dℓw
ℓ − λ−1
∞∑
ℓ=2
dℓλ
ℓwℓ
∞∑
k=0
λ(ℓ−1)k
u+ k + f(w)
= λw +
∞∑
ℓ=2
dℓw
ℓ
(
−
1
u
+
∞∑
k=0
λ(ℓ−1)k
u+ k
−
∞∑
k=1
λ(ℓ−1)k
u+ k + (f(w)− 1) +O
(
1
u
)
)
+O
(
1
u2
)
= λw +
∞∑
ℓ=2
dℓw
ℓ
∞∑
k=1
λ(ℓ−1)k(f(w)− 1) +O
(
1
u
)
(u+ k)
(
u+ k + (f(w)− 1) +O
(
1
u
)) +O( 1
u2
)
= λw + (f(w)− 1)
∞∑
ℓ=2
dℓw
ℓ
∞∑
k=1
λ(ℓ−1)k
(u+ k)
(
u+ k + (f(w)− 1) +O
(
1
u
)) +O( 1
u2
)
= λw +O
(
1
u2
)
.
The last equality follows from the fact that∣∣∣∣∣
∞∑
k=1
λ(ℓ−1)k
(u+ k)
(
u+ k + (f(w)− 1) +O
(
1
u
))
∣∣∣∣∣ < C(ℓ− 1)
r
|u2|
on UR,δ for some C > 0, which follows similarly as Lemma 2.2. 
Let us write f(z) = 1 +
∑∞
k=1 dkw
k and let
Ψ(u, w) =
(
u+
∞∑
k=1
dk
λk − 1
wk, w
)
be the map defined in Lemma 2.4. By Lemma 2.4, there exists C1 > 0 such that∣∣∣∑∞k=1 dkλk−1wk∣∣∣ < C1 for all |w| ≤ δ.
In particular, there exists R′ > R with Ψ(UR′,δ) ⊂ UR,δ for which
G˜ := Ψ−1 ◦G ◦Ψ
is a well defined univalent map on UR′,δ.
In order to avoid burdening notations, we still denote R′ by R, so that G˜ is univalent
on UR,δ.
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Lemma 3.2. Given δ > 0, we can choose R sufficiently large so that there exists h : {w ∈
C : |w| < δ} → C holomorphic such that for (u, w) ∈ UR,δ,
(3.3) G˜(u, w) =
(
u+ 1 +
h(w)
u
, λw
)
+O
(
1
u2
)
.
Namely, there exist holomorphic maps A,B : UR,δ → C and a constant K > 0 such that
for all (u, w) ∈ UR,δ,
G˜(u, w) =
(
u+ 1 +
h(w)
u
+ A(u, w), λw +B(u, w)
)
,
and
|u|2(|A(u, w)|+ |B(u, w)|) ≤ K.
Proof. First of all, note that, by Lemma 2.4, if g(u) is a holomorphic function on UR,δ
with g(u) = O(1/uk) for some natural number k ≥ 1, then g(Ψ(u, w)) = O(1/uk).
Taking this into account and writing (u′, w′) = G˜(u, w), by Lemma 3.1, we have
w′ = λw +B(u, w) = λw +O
(
1
u2
)
.
Next, again by Lemma 3.1, we can write
G(u, w) =
(
u+ f(w) +
h(w)
u
+O
(
1
u2
)
, λw +O
(
1
u2
))
,
for some holomorphic function h : {w ∈ C : |w| < δ} → C. Again by the same token as
before, we have
u′ = u+
∞∑
k=1
dk
λk − 1
wk + f(w)−
∞∑
k=1
dk
λk − 1
(λw +Bn(u, w))
k
+
h(w)
u+
∑∞
k=1
dk
λk−1
wk
+O
(
1
u2
)
.
By Lemma 2.4 the function q(w) :=
∑∞
k=1
dk
λk−1
wk is an entire function, therefore we can
choose R so large that |q(w)| < R for all |w| ≤ δ. Thus,
h(w)
u+ q(w)
=
h(w)
u
1
1 + 1
u
q(w)
=
h(w)
u
+O
(
1
u2
)
,
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Hence,
u′ = u+
h(w)
u
+
∞∑
k=1
dk
λk − 1
wk + f(w)−
∞∑
k=1
dk
λk − 1
(λw +B(u, w))k +O
(
1
u2
)
= u+ 1 +
h(w)
u
+
∞∑
k=1
dk
λk − 1
wk +
∞∑
k=1
dkw
k −
∞∑
k=1
dk
λk − 1
(λw +B(u, w))k +O
(
1
u2
)
= u+ 1 +
h(w)
u
+
∞∑
k=1
dk
λk − 1
(
λkwk − (λw + B(u, w))k
)
+O
(
1
u2
)
= u+ 1 +
h(w)
u
+O
(
1
u2
)
,
where we used the fact that B(u, w) = O
(
1
u2
)
. 
Remark 3.3. It follows from (3.3) that for any R′′ > 0 there exists R′ ≥ R such that
G˜(UR′,δ) ⊂ UR′′,2δ.
Taking into account (3.3), let us denote A := h(0). Let
(3.4) τ(u, w) =
(
u−
∞∑
k=0
h(λkw)−A
u+ k
, w
)
.
By Lemma 2.5, there exists R′′ > 0 such that τ−1 is well defined on UR′′,2δ. By Remark 3.3
we can choose R′ ≥ R such that G˜(UR′,δ) ⊂ UR′′,2δ. Finally, we can choose R1 > 0 such
that τ is well defined and univalent on ER1,δ and τ(UR1,δ) ⊂ UR′,δ.
Once again, in order to simplify notation, we will write R instead of R1, so that
(3.5) H(u, w) := τ−1 ◦ G˜ ◦ τ
is well defined and univalent on UR,δ.
Proposition 3.4. For (u, w) ∈ UR,δ, we haveH(u, w) =
(
u+ 1 + A
u
+O
(
1
u2
)
, λw +O
(
1
u2
))
.
Proof. By Lemma 2.5, τ(u, w) = (u+O
(
1
u
)
, w). This, together with (3.3), implies
G˜ ◦ τ(u, w) =
(
u+ 1 +
h(w)
u
−
∞∑
k=0
h(λkw)−A
u+ k
+ O
(
1
u2
)
, λw +O
(
1
u2
))
.
Next observe that
τ−1(u, w) =
(
u+
∞∑
k=0
h(λkw)− A
u+ k
+O
(
1
u2
)
, w
)
.
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Let us write (u′, w′) = H(u, w) and observe that w′ = λw + O
(
1
u2
)
. Let us write w′ =
λw + α(u) where α(u) = O
(
1
u2
)
is a holomorphic function (with coefficients depending
on w). In the first coordinate we get
u′ = u+ 1 +
h(w)
u
−
∞∑
k=0
h(λkw)−A
u+ k
+
∞∑
k=0
h(λk+1w + λkα(u))− A
u+ k + 1 +O
(
1
u
) +O( 1
u2
)
= u+ 1 +
A
u
−
∞∑
k=0
h(λkw)− A
u+ k
+
∞∑
k=1
h(λkw + λk−1α(u))− A
u+ k +O
(
1
u
) +O( 1
u2
)
= u+ 1 +
A
u
+
∞∑
k=1
h(λkw + λk−1α(u))− h(λkw)
u+ k + O
(
1
u
)
−
∞∑
k=1
h(λkw)O
(
1
u
)
(u+ k +O
(
1
u
)
)(u+ k)
+O
(
1
u2
)
.
We are going to show that both of the infinite sums in the above expression are of order
O
(
1
u2
)
.
Clearly ∣∣∣∣∣
∞∑
k=1
h(λkw)O
(
1
u
)
(u+ k +O
(
1
u
)
)(u+ k)
∣∣∣∣∣
≤ sup
|w|≤δ
|h(w)| · O
(
1
|u|
)
·
∞∑
k=1
1
|(u+ k +O
(
1
u
)
)(u+ k)|
= O
(
1
|u2|
)
.
As before we can write convergent power series:
h(w + λ−1α(u))− h(w) =
∞∑
ℓ=1
∞∑
j=0
(ℓ+ j)!λ−ℓ
j!
bj+ℓw
j(α(u))ℓ,
where h(w) =
∑∞
j=0 bjw
j. Now observe that the same computation as in Lemma 2.2 tells
us that the sum
∞∑
k=0
λk(j+ℓ)
u+ k +O
(
1
u
)
converges and that ∣∣∣∣∣
∞∑
k=0
λk(j+ℓ)
u+ k +O
(
1
u
)
∣∣∣∣∣ ≤ C(j + ℓ)
r
|u|
.
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Therefore∣∣∣∣∣
∞∑
k=0
h(λkw + λk−1α(u))− h(λkw)
∣∣∣∣∣ =
∣∣∣∣∣
∞∑
ℓ=1
∞∑
j=0
(ℓ+ j)!λ−ℓ
j!
bj+ℓw
j(α(u))ℓ
∞∑
k=0
λk(j+ℓ)
u+ k +O
(
1
u
)
∣∣∣∣∣
=
C
|u|
∞∑
ℓ=1
∞∑
j=0
(ℓ+ j)!(j + ℓ)r
j!
∣∣bj+ℓwj(α(u))ℓ∣∣
= O
(
1
u2
)
.

Fix (u0, w0) ∈ UR,δ. For every n ≥ 1 we write (un, wn) := H
n(u0, w0).
Lemma 3.5. Given δ > 0 there exists Tδ ≥ R such that for every T ≥ Tδ and (u0, w0) ∈
UT, δ
2
, we have
(un, wn) ∈ UT+n
2
,δ
for every n ≥ 1, j ≥ 0. Moreover given 0 < ε ≤ δ
2
, there exists Tε ≥ Tδ such that
|wn − λ
nw0| < ε
for every (u0, w0) ∈ UTε,δ/2 and for every n ≥ 1, j ≥ 0.
Proof. Fix 0 < ε ≤ δ/2. By Proposition 3.4 we can choose T ≥ R and C > 0 such that
|u1 − u0 − 1| <
1
2
and |w1 − λw0| <
C
|u2
0
|
on UT,δ and such that
∑∞
n=0
C
(T+n
2
)2
< ε. Using
induction it is easy to see that Re(un) > T +
n
2
and |wn − λ
nw0| < ε. 
Lemma 3.6. Let δ > 0 an Tδ be as in Lemma 3.5. For every compact subset K ⊂ UT, δ
2
there exists a constant C > 0 so that for every (u0, w0) ∈ K and every n ≥ 1 we have
1
|un|
≤
C1
n
and
∣∣∣∣ 1un −
1
n
∣∣∣∣ ≤ C log nn2 .
Proof. The first inequality follows directly from Re(un) > T +
n
2
. As for the second
inequality first observe that
(3.6)
∣∣∣∣ 1un −
1
n
∣∣∣∣ ≤ C1|un − n|n2 .
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Recall that (u′, w′) := H(u, w) = (u+1+A
u
, λw)+O(1/u2) where
∣∣u′ − u+ 1 + A
u
∣∣ ≤ C′
|u|2
for some C ′ > 0. Using the inequality (3.6) we can now deduce that
|un − n| ≤
∣∣∣∣u0 + n + A
(
1
u0
+ . . .+
1
un−1
)
− n
∣∣∣∣ + C ′C1
n∑
k=1
1
k2
≤ |u0|+ |A|C1
n∑
k=1
1
k
+ C ′C1
n∑
k=1
1
k2
≤ |u0|+ C2 log n+ C3
where C2, C3 > 0. Finally we obtain∣∣∣∣ 1un −
1
n
∣∣∣∣ ≤ C1(|u0|+ C2 log n+ C3)n2 = O
(
logn
n2
)
.

Proposition 3.7. Let F be an automorphism of the form (3.1). Then F has an invariant
non-recurrent Fatou component Ω with ω-limit set {0} × C ⊂ ∂Ω.
Proof. Let δ > 0 and R > 0. Let Θ be the map defined in (3.2). Let VR,δ := Θ(UR,δ) and
observe that VR,δ = ΛR × Dδ, where ΛR := {z ∈ C | −
1
z
∈ KR} and Dδ := {w ∈ C : |w| <
δ}.
Step 1: For every δ > 0 there exists R(δ) > 0 such that {F ◦n} is a normal family on
VR(δ),δ/4.
Let δ > 0. Let τ be the map defined in (3.4) and let Φ be the one defined in Lemma 2.3.
Let Mδ > 0 be given by Lemma 2.4. By Lemma 2.3, Lemma 2.4 and Lemma 2.5, for
any T ≥Mδ there exists R(δ, T ) > 0 such that
τ−1 ◦Ψ−1 ◦ Φ−1 ◦Θ−1(VR(δ,T ),δ/4) ⊂ Θ
−1(V2T,δ/2) = U2T,δ/2
and
Φ ◦Ψ ◦ τ(U2T,δ) ⊂ UT,2δ,
for every n ≥ 1.
Therefore, if Tδ > 0 is given by Lemma 3.5, take T := max{Mδ, Tδ} and R(δ) := R(δ, T ).
Since
(3.7) F ◦n = Θ ◦ Φ ◦Ψ ◦ τ ◦Hn ◦ τ−1 ◦Ψ−1 ◦ Φ−1 ◦Θ−1,
Lemma 3.5 implies at once that the family {F ◦n} is normal on VR(δ),δ/4.
Step 2: Let g be a limit map of {F ◦n} on VR(δ),δ/4. Then
{0} × D δ
16
⊂ g(VR(δ),δ/4) ⊂ {0} × C.
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Let ε = δ/16. Let Tε be as in Lemma 3.5, and let R ≥ max{Mδ, Tε}. Denote by
πj : C
2 → C, j = 1, 2 the projection on the j-th component, that is, π1(z, w) = z,
π2(z, w) = w. It follows from Lemma 3.5 that for all (z, w) ∈ VR,δ/4 and n ≥ 1:
|π2 ◦Ψ ◦ τ ◦H
n ◦ τ−1 ◦Ψ−1 ◦ Φ−1 ◦Θ−1(z, w)− λπ2 ◦ Φ
−1 ◦Θ−1(z, w)| <
δ
16
.
Taking into account that, by Lemma 2.3, π2 ◦Φ(u, w) and π2 ◦ Φ
−1(u, w) are of the form
w +O(1/u), the previous equation and (3.7) imply that there exist R′ ≥ R such that
(3.8) |π2 ◦ F
◦n(z, w)− λnw| <
δ
10
for all (z, w) ∈ VR′,δ/4 and n ≥ 1.
Moreover, again by Lemma 3.5, given η > 0, there exists n0 such that for all n ≥ n0,
(3.9) |π1 ◦ F
◦n(z, w)| ≤ η
for all (z, w) ∈ VR′,δ/4.
Let {nj} be any increasing sequence for which F
◦nj converges uniformly on compacta
of VR(δ),δ/4 to a holomorphic function g and λ
nj converges to some µ ∈ ∂D. It follows
from (3.9) that g(z, w) = (0, g2(z, w)) for all (z, w) ∈ VR(δ),δ/4, where g2 : VR(δ),δ/4 → C is
holomorphic. Moreover, by (3.8),
(3.10) |g2(z, w)− µw| <
δ
10
for all (z, w) ∈ VR′,δ/4.
Fix w0 ∈ C, |w0| < δ/16. Let z0 ∈ C be such that −1/z0 ∈ KR′ . Hence, (z0, w0) ∈
VR′,δ/4. Moreover, {z0} × {w ∈ C : |w − w0| < δ/8} ⊂ VR′,δ/4 and (3.10) holds on
|w−w0| = δ/8. Therefore, by Rouche´’s theorem, µg2(z0, w)− µw0 and w− µw0 have the
same number of zeros in {w ∈ C : |w − w0| < δ/8}. Since |µw0 − w0| ≤ 2|w0| < δ/8, it
follows that there exists w1, with |w1 − w0| < δ/16 such that µg2(z0, w1) = w0. By the
arbitrariness of w0, it follows that Dδ/16 ⊂ g2(VR(δ),δ/4), which completes step 2.
Step 3: There exists an invariant Fatou component Ω such that the image of any limit
map of {F ◦n|Ω} is {0} × C.
Let {δm} be an increasing sequence of positive real numbers which converges to +∞.
We can choose R(δm+1) ≥ R(δm) for all n ≥ 0. Let Vm := VR(δm),δm/4, n ≥ 0. Hence,
{(z, w) ∈ Vm+1 : |w| <
δm
4
} ⊂ Vm.
Therefore V := ∪m≥0Vm is open and connected. Since {F
◦n} is a normal family on Vm for
all m ≥ 0 by Step 1, the previous equation and a diagonal argument imply that {F ◦n} is
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a normal family on V and, hence, {F ◦n} is normal on
(3.11) V :=
∞⋃
n=0
F ◦n(V ).
By (3.9) and (3.8), F ◦n(V )∩V 6= ∅ for every n ≥ 1. Hence V is a F -forward invariant,
open, connected set on which {F ◦n} is normal. Therefore, there exists an invariant Fatou
component Ω which contains V.
Now, let g be a limit map of {F ◦n} on Ω. Hence, g|Vm is a limit map of {F
◦n|Vm} for
all m ≥ 0. Then, it follows from Step 2 that g(V ) = {0} × C. Since V is open in V, it
follows as well that g(Ω) = {0} × C.
Step 4: Ω is non-recurrent.
Observe that F ◦n(0, w) = (0, λnw) for all w ∈ C. Equation (3.1) therefore implies that
∂2π1(F
◦n)
∂z2
(0, w) = 2
n−1∑
k=0
f(λkw) = 2
n−1∑
k=0
(f(λkw)− 1) + 2n.
Let us first observe that
∑n−1
k=0(f(λ
kw)− 1) is uniformly bounded in w with respect to
n. We have ∣∣∣∣∣
n−1∑
k=0
(f(λkw)− 1)
∣∣∣∣∣ =
∣∣∣∣∣
n−1∑
k=0
∞∑
ℓ=1
dℓλ
kℓwℓ
∣∣∣∣∣
=
∣∣∣∣∣
∞∑
ℓ=1
dℓw
ℓ
n−1∑
k=0
λkℓ
∣∣∣∣∣
≤
∞∑
ℓ=1
|dℓ||w
ℓ|
∣∣∣∣∣
n−1∑
k=0
λkℓ
∣∣∣∣∣
≤ C
∞∑
ℓ=1
|dℓ|ℓ
r|wℓ|.
Since f(w) is an entire function, the last sum converges on uniformly on compacta of C.
This implies that
lim
n→∞
∣∣∣∣∂2π1(F ◦n)∂z2 (0, w)
∣∣∣∣ =∞.
Therefore, (0, w) cannot be contain in any Fatou component of F for all w ∈ C. Thus
{0} × C ⊂ ∂Ω, which completes the proof. 
Remark 3.8. The set V defined in (3.11) depends on the sequence {δn} and on the choice
of {R(δn)}. In particular, given any η > 0 one can construct the open set V of the form
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(3.11) such that
(3.12) sup{|z| : (z, w) ∈ V} < η.
Indeed, unrolling the definition of V, we see that
V = ∪n≥0 ∪m≥0 F
◦n(Vm),
where Vm = VR(δm),δm/4, with {δm} an increasing sequence converging to ∞ and R(δm)
a suitable increasing sequence of real positive numbers. By construction one can replace
R(δm) with any Rm ≥ R(δm) so that {Rm} is still increasing. If we choose Rm sufficiently
large, by (3.9), |π1(F
◦n(z, w))| < η for all (z, w) ∈ F ◦n(Vm) for all n ≥ 0 and m ≥ 0.
Hence the corresponding set V satisfies (3.12).
4. Fatou coordinates
Let F be an automorphism of C2 of the form (3.1). Let Ω be the invariant non-recurrent
Fatou component of F defined in Proposition 3.7. Let {δm} be an increasing sequence of
positive real numbers converging to∞ and let {Rm} be an increasing sequence of positive
real numbers such that Rm ≥ R(δm) (where the R(δm)’s are defined in Step 1 of the proof
of Proposition 3.7). Let Vm := VRm,δm/4 and let
V := ∪n≥0 ∪m≥0 F
◦n(Vm).
Let
W ι :=
∞⋃
n=0
(F−1)◦n(V).
Note that W ι is an open connected set such that F (W ι) = W ι, and, since V ⊂ Ω, it
follows that W ι ⊆ Ω.
Lemma 4.1. Let (z0, w0) ∈ C
2 \ ({0} × C) be such that limn→∞ F
◦n(z0, w0) = (0, ζ) for
some ζ ∈ C. Then for every set V as before, there exists n0 = n0(V, z0, w0) such that
F ◦n(z0, w0) ∈ V for all n ≥ n0. In particular, Ω =W
ι.
Proof. If F ◦n0(z, w) ∈ V for some n0, then F
◦n(z, w) ∈ V for all n ≥ n0 since F (V) ⊂ V
by construction.
Therefore, we assume by contradiction that F ◦n(z, w) 6∈ V for all n ≥ 0.
As we already notice, F−1 has the same form of F , that is,
F−1(z, w) = (z + f˜(w)z2 +O(z3), λw + g˜(w)z +O(z2)),
where f˜ , g˜ : C → C are holomorphic, f˜(0) = −1 (since we assumed f(0) = 1) and
g(w) = O(w2). Let χ(z, w) = (−z, w). The automorphism χ ◦F−1 ◦χ has the same form
as F−1, but the coefficient of z2 in the first coordinate is 1. Hence, by Proposition 3.7, there
exists an invariant non-recurrent Fatou component Ω− of χ◦F−1 ◦χ with {0}×C ⊂ ∂Ω−,
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and Ω− contains a connected open set V˜− of the same form as (3.11). Moreover, by
Remark 3.8, we can assume that |z| < |z0| for all (z, w) ∈ V˜
−.
In particular, χ(Ω−) is a non-recurrent Fatou component of F−1 with {0} × C on the
boundary, contains the open set V− := χ(V˜−), and |z| < |z0| for all (z, w) ∈ V
−, that is,
(z0, w0) 6∈ V
−.
By the very definition of V and V−, it follows that V ∪V−∪({0}×C) is a neighborhood
of {0}×C. Therefore, since limn→∞ F
◦n(z0, w0) = (0, 0) and F
◦n(z0, w0) 6∈ V, the sequence
{F ◦n(z, w)} has to be eventually contained in V−.
However, since F−1(V−) ⊂ V−, it follows that the entire orbit {F ◦n(z, w)}n∈Z is con-
tained in V−, hence (z0, w0) ∈ V
−, a contradiction. 
For natural numbers n + 1 > j ≥ 1, we let
Qn(u, w) = (u− n−A log n, λ
−nw)
and let
ϕn = Qn ◦H
n,
where the H is defined in (3.5).
For n > 0 one can easily verify the following equality
(4.1) ϕn ◦H = χn ◦ ϕn+1,
where χn(u, w) = (u+ 1 + A log(1 +
1
n
), λw).
Lemma 4.2. For every δ > 0 there exists Sδ > 0 such that the sequence {ϕn}n∈N converges
uniformly on compacta of USδ,δ/4 to a univalent map ϕ : USδ,δ/4 → C
2 such that
(4.2) ϕ ◦H = χ ◦ ϕ,
where χ(u, w) = (u+ 1, λw) and
(4.3) ϕ(u, w) = (u− A log(u) + o(1), w + o(1))
as Re(u) → ∞. Moreover, given any increasing sequence {δm} of positive real numbers
converging to ∞, ϕ :
⋃
m≥0 USδm ,δm/4 → C
2 is univalent.
Proof. Fix δ > 0 and let Tδ be given by Lemma 3.5. Let (u0, w0) ∈ UTδ,δ/2 and set
(un, wn) := H
n(u0, w0). By Lemma 3.5 we have (un, wn) ∈ UTδ ,δ for all n. Hence, by
Proposition 3.4,
(un+1, wn+1) =
(
un + 1 +
A
un
+O
(
1
u2n
)
, λwn +O
(
1
u2n
))
,
where the bounds in the O’s are uniform in n. Let us write
(u′, w′) = ϕn+1(u0, w0)− ϕn(u0, w0).
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Observe that
w′ = λ−(n+1)
(
λwn +O
(
1
u2n
))
− λ−nwn = O
(
1
u2n
)
and
u′ = un + 1 +
A
un
+O
(
1
u2n
)
− (n+ 1)− A log(n + 1)− un + n+ A log n
= A
(
1
un
−
1
n
)
+ A
(
1
n
− log(1 +
1
n
)
)
+O
(
1
u2n
)
.
By Lemma 3.6 we have ∣∣∣∣ 1un −
1
n
∣∣∣∣ = O
(
log n
n2
)
and
O
(
1
|un|2
)
= O
(
1
n2
)
.
Next observe that
(
1
n
− log(1 + 1
n
)
)
= O( 1
n2
). Since all bounds are uniform on compact
subsets of UT,δ/2 and independent from n it follows that
∑∞
n=j(ϕn+1 − ϕn) converges
absolutely, hence the sequence {ϕn} converges uniformly on compacta of UTδ,δ/2 to a map
ϕ.
Fix ε > 0. By Lemma 3.5, (un, wn) ∈ UT δ
2
+n
2
,δ/2 for every (u0, w0) ∈ UTδ/2,δ/4. Therefore,
by the same lemma, there exists n0 such that for all n ≥ n0 and all (u, w) ∈ UTδ/2,δ/4,
|ϕ(u, w)− ϕn(u, w)| < ε.
Since all maps ϕn are univalent it follows that ϕ is also univalent on UTδ/2,δ/4. Setting
Sδ := Tδ/2 we have the first result.
Since ϕn(u, w) =
∑n−1
k=0(ϕk+1(u, w) − ϕk(u, w)), (4.3) follows immediately from the
previous computations. The functional equation (4.2) follows from (4.1) passing to the
limit. Finally observe that given any increasing sequence {δm} of positive real numbers
converging to ∞ there exist a sequence of positive real numbers {Sδm} so that ϕ is
univalent on
⋃
m≥0 USδm ,δm/4. 
Let {δm} be an increasing sequence of positive real numbers converging to ∞ and let
{Sδm} be the sequence given by Lemma 4.2. Let {Rm} be an increasing sequence of
positive real numbers such that Rm ≥ max{R(δm), Sδm} (where, as before, the R(δm)’s
are defined in Step 1 of the proof of Proposition 3.7). Let Vm := VRm,δm/4.
We define
P = (Θ ◦ Φ ◦Ψ ◦ τ ◦ ϕ−1)−1.
By Lemma 4.2, P is a univalent map defined on
⋃∞
m=1 Vm.
NON-RECURRENT SIEGEL CYLINDERS 21
By (3.7) and (4.2),
(4.4) F = P−1 ◦ χ ◦ P
on
⋃∞
m=1 Vm for all n ≥ 0.
Proposition 4.3. The Fatou component Ω is biholomorphic to C2 and there exists a
univalent map Q defined on Ω such that
(4.5) Q ◦ F = χ ◦ Q
where χ(u, w) = (u+ 1, λw).
Proof. Let Vm as before. Let V := ∪n≥0∪m≥0 F
◦n(Vm). By Lemma 4.1, Ω = ∪
∞
k=0F
−k(V).
We extend P to a univalent map Q defined on Ω as follows. If (z, w) ∈ Ω, there exists
a natural number n such that F ◦n(z, w) ∈ Vm for some m. Hence, we set
Q(z, w) = (χ−1)◦n ◦ P ◦ F ◦n(z, w).
By (4.4), this definition is well posed and Q : Ω → C2 is univalent. The functional
equation (4.5) therefore follows from (4.4).
Now we prove that Q(Ω) = C2. Let Ωn := ∪
n
k=0(F
−1)◦n(V). Observe that
Q(Ω) = ∪∞n=0(χ
−1)◦n ◦ P ◦ F ◦n(Ωn) = ∪
∞
n=0(χ
−1)◦n ◦ P (V).
From the definition of the maps Θ, Φ, Ψ and τ and the set V we can find a sequence
of ρn →∞ satisfying
∪∞k=0{u ∈ C : Re(u) > ρk} × Dk ⊂ τ
−1 ◦Ψ−1 ◦ Φ−1 ◦Θ−1(V).
It follows
ϕ (∪∞k=0{u ∈ C : Re(u) > ρk} × Dk) ⊂ P (V).
Therefore
∪∞n=0 ∪
∞
k=0 (χ
−1)◦n ◦ ϕ ({u ∈ C : Re(u) > ρk} × Dk) ⊆ Q(Ω).
Equation (4.3) shows that for every k we can find rk ≥ ρk such that
{u ∈ C : Re(u− rk) > |Im(u)|} × Dk/2 ⊆ ϕ ({u ∈ C : Re(u) > ρk} × Dk) ,
hence
C2 = ∪∞n=0 ∪
∞
k=0 (χ
−1)◦n
(
{u ∈ C : Re(u− rk) > |Im(u)|} × Dk/2
)
⊆ Q(Ω),
and we are done. 
Theorem 1.2 now follows from Proposition 3.7 and Proposition 4.3.
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5. An example
Using shears and overshears we can construct an explicit automorphism of the form
(3.1). We first define automorphisms
F1(z, w) = (z, λw + z),
F2(z, w) = (ze
w, w),
F3(z, w) = (z, w − z),
F4(z, w) = (ze
−w, w),
F5(z, w) = (z, we
z),
and finally
F (z, w) := (F5 ◦ F4 ◦ F3 ◦ F2 ◦ F1)(z, w).
Quick computation shows that
F (z, w) =
(
z + eλwz2 +O(z3), λw − z
∞∑
k=2
λk
k!
wk +O(z2)
)
and
F−1(z, w) =
(
z − ewz2 +O(z3), λ−1w + λ−1z
∞∑
k=2
1
k!
wk +O(z2)
)
.
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